Introduction
Mechanical Vibrations



What is vibration?

* Vibrations are oscillations of a system about an equilbrium position.
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Vibration...

It is also an
everyday
phenomenon we
meet on
everyday life




Vibration ...

Useful Vibration Harmful vibration
Compressor

M Testing

Ultrasonic
cleaning

Fatigue




Vibration parameters

All mechanical systems
can be modeled by
containing three basic
components:

spring, damper, mass

When these components are subjected to constant force,
they react with a constant

displacement, velocity and acceleration



Free vibration

* When a system is initially disturbed by a displacement, velocity
or acceleration, the system begins to vibrate with a constant
amplitude and frequency depend on its stiffness and mass.

* This frequency is called as natural frequency, and the form of
the vibration is called as mode shapes
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Forced Vibration

= If an external force applied to a
system, the system will follow the
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%’—- dg force with the same frequency.

\ However, when the force
#  frequency is increased to the
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(I Tube:

Watch these ...

Bridge collapse:

http://www.youtube.com/watch?v={-zcz] XSxnw

Hellicopter resonance:
http://www.youtube.com/watch?v=0FeXjhUEXIc

Resonance vibration test:

http://www.youtube.com/watch?v=1.V_UuzFEznHs

Flutter (Aeordynamically induced vibration) :

http://www.youtube.com/watch?v=Ohwl.ojNerMU



http://www.youtube.com/watch?v=j-zczJXSxnw
http://www.youtube.com/watch?v=0FeXjhUEXlc
http://www.youtube.com/watch?v=LV_UuzEznHs
http://www.youtube.com/watch?v=OhwLojNerMU

Modelling of vibrating systems

Lumped (Rigid) Modelling Numerical Modelling
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Because running in the International Space
Station might cause unwanted vibrations, they
have installed a Treadmill Vibration Isolation

Systpiay

sa"s»

TEE IS



19-11

Mechanical vibration is the motion of a particle or body which
oscillates about a position of equilibrium. Most vibrations in
machines and structures are undesirable due to increased stresses
and energy losses.

Time interval required for a system to complete a full cycle of the
motion is the period of the vibration.

Number of cycles per unit time defines the frequency of the vibrations.

Maximum displacement of the system from the equilibrium position is the
amplitude of the vibration.

When the motion is maintained by the restoring forces only, the vibration
is described as free vibration. When a periodic force is applied to the
system, the motion is described as forced vibration.

When the frictional dissipation of energy is neglected, the motion
is said to be undamped. Actually, all vibrations are damped to
some degree.



Free Vibrations of Particles. Simple Harmonic

« If a particle is displaced through a distance x,, from its

-

§ S equilibrium position and released with no velocity, the
- particle will undergo simple harmonic motion,
ma=F=W—k(5, +x)=—hx
. Y
< T mx+kx=0
.. ol i ' » General solution is the sum of two particular solutions,
‘ : k k
x=0C s1n(\/: tj +C, cos(\/: tj
— m m
' ‘\: ' = Cysin(w, t)+ C, cos(w,,t)
\ * X is a periodic function and ), is the natural circular
2 frequency of the motion.
g « C,and C, are determined by the initial conditions:
= - 1

X = Cl sin(a)nt)+ C2 cos(a)nt) C2 = X

v=x=Cw, cos(a)nt)— Crw,, sin(a)nf) C=vy /o,



Free Vibrations of Particles. Simple Harmonic
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x=x,sin(w,t+¢)  x, = \/ (vo/w, ) +x5 = amplitude

¢ =tan "' (vy /xqw,)= Phase angle

2

, — period

T

Wy,

f,=—= ©n _ natural frequency
T, 27
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Free Vibrations of Particles. Simple Harmonic
Motion

» Velocity-time and acceleration-time curves can be
represented by sine curves of the same period as the
displacement-time curve but different phase angles.

x = x,, sin(@,t +¢)
V=X
= X,,@, cos(w,t + @)
= x,,0, sin(w,t+¢+7/2)

== a=Xx
: =—x, 0> sin(w,! +¢)

= xma),% sin(w, t + ¢+ )

19-14



Cirmnla Do dylunkd e BRI RARE sHAbHER Bybterm can be

applied whenever the resultant force on a particle is
proportional to the displacement and directed towards
the equilibrium position.

« Consider tangential components of acceleration and
force for a simple pendulum,

SF =ma,: —Wsinf=mil6
65+§sin0 =0
for small angles,

9+§9=O

0 =0, sin(w,t+¢)

T, = 7 _ 27[\/z
" oF g

19-15



Simple Pendulum (Exact Solution)

An exact solution for

leads to

6?+7s1n«9 0

172'/2 df

!
E \/1 sin”(6,,/2)sin” ¢

which requires numerical solution.

T, = 25(27[\/2}

TABLE 19.1 Correction Factor for the Period of a Simple
Pendulum
g, 0° | 10° | 200 | 30° | 60° | 90° | 120° | 150° | 180°
K | 1571 | 1.574 | 1.5583 | 1.598 | 1.686 | 1.854 | 2.157 | 2.768 | =
o 2K/ | 100D | 1.002 | 1.O0S | LOIT | L.O73 | LISO | 1.373 | 1.762 | =




Concept Question

The amplitude of a
vibrating system is |-
shown to the right.

Which of the \: ..
following statements |-%

is true (choose |
one)? )

a) The amplitude of the acceleration equals the
amplitude of the displacement

b) The amplitude of the velocity is always opposite
(negative to) the amplitude of the displacement

c) The maximum displacement occurs when the
acceleration amplitude is a minimum

.d) The phase angle of the vibration shown is zero




Sample Problem 19.1
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A 50-kg block moves between vertical
guides as shown. The block is pulled
40mm down from its equilibrium position
and released.

For each spring arrangement,
determine a) the period of the vibration,
b) the maximum velocity of the block,
and c¢) the maximum acceleration of the
block.

19-18

SOLUTION:

« For each spring arrangement, determine
the spring constant for a single
equivalent spring.

* Apply the approximate relations for the
harmonic motion of a spring-mass
system.



- S2mple Rroblemvifid

» Springs in parallel:
- determine the spring constant for equivalent spring

- =
i E - apply the approximate relations for the harmonic
B ko kb motion of a spring-mass system
— k10N
0 o, = \P = 2~ 14.14rad/s
f & m 20kg
1 . S 7, = 0.444s
1 o,
P= kl5 + k25 Vy =X, Oy
P =(0.040 m)(14.14 rad/s) v, =0.566m/s
S | 2
2
=10kN/m =10* N/m Gy =X Uy

— (0.040 m)(14.14 rad/s)? a,, =8.00m/s>

19-19



ki :§&Wane EIEI\%Q |em8;>lragg-in series:

- determine the spring constant for equivalent spring

- apply the approximate relations for the harmonic

! TR |
! = < ) motion of a spring-mass system
4 '0- : Iy 0‘
' | -
=3 P— w, = k _ |2490N/m =6.93rad/s
= | - - m 20kg
. ‘ \- g+ 0 272-
L M L | T, =" 7, =0.907s
’ l a)n
.
Vm :xm a)}’l
P=ko +ky5 =(0.040m)6.93 rad/s) v, =0.277m/s
k = E = kl + k2 — 2
o) Ay =Xmly

=10kN/m =10*N/m = (0.040 m)(6.93 rad/s)* a,, =1.920m/s>

19-20



an equation of motion takes the form

!
' o

Free Vibrations of Rigid Bodie

)'c'+a),%x=0 or 6"'+a),%(9 =0
the corresponding motion may be considered
as simple harmonic motion.

Ay
7 .  Analysis objective is to determine w,,.

» Consider the oscillations of a square plate
) =W (bsin®) = (mb )+ 16

T 2 2 2
\ but Izéml(Zb) +(2b) Jz%mb , W =mg
- “‘-s 9+§§sin9;§+§§9=0
*:'.'-(; \ G
| | 4 A then w, = 3_g’ Tn:2_7r:27[ b
| 5b @,, 3g
; * For an equivalent simple pendulum,

19-21 lISb/3



CAIAAIAIA nu-AIAI

em 19.2 soLution:

U | « From the kinematics of the system, relate
) the linear displacement and acceleration
| K = to the rotation of the cylinder.
:,/' \y B » Based on a free-body-diagram equation
”» ) for the equivalence of the external and
7 effective forces, write the equation of
! 4 motion.

A cylinder of weight W is suspended as

e Substitute the kinematic relations to arrive
shown.

at an equation involving only the angular
Determine the period and natural displacement and acceleration.
frequency of vibrations of the cylinder.

19 -22



Sample Problem 19.2

SOLUTION:
» From the kinematics of the system, relate the linear
displacement and acceleration to the rotation of the cylinder.

] — X=r0 §=2x=2r0

P a=60+, a=ra=ro a=ro"

—_—— —
1 e
-
-

o 3z 1' - Based on a free-body-diagram equation for the equivalence of
\ " I M 4 the external and effective forces, write the equation of motion.

b ZMA:Z(MA)eff3 Wr — Ty (2r)=mar + la
but T =Ty+kS =LW +k(2r0)

E |

A A « Substitute the kinematic relations to arrive at an equation

| — r P e involving only the angular displacement and acceleration.

' N_ ./ ,
\8 ; G |= \1 Gy la : Wr — (%W + 2kr¢9X2r) = m(r@)r + %mrzé?

0+-—0=0
3m
Rk 27 3m 1 |8k
W, =.|— T,=— =21 | — fn:a)”:
19 -23 3m Wy 8k 27 27 \3m




Sample Problem 19.3

SOLUTION:

7 Y

T
) G5
W =201b

7, =1.13s 7,=1.93s

The disk and gear undergo torsional
vibration with the periods shown. .
Assume that the moment exerted by the
wire is proportional to the twist angle.

Determine a) the wire torsional spring
constant, b) the centroidal moment of
inertia of the gear, and ¢) the maximum
angular velocity of the gear if rotated
through 90° and released.

19 - 24

Using the free-body-diagram equation for
the equivalence of the external and
effective moments, write the equation of
motion for the disk/gear and wire.

With the natural frequency and moment of
inertia for the disk known, calculate the
torsional spring constant.

With natural frequency and spring
constant known, calculate the moment of
inertia for the gear.

» Apply the relations for simple harmonic

motion to calculate the maximum gear
velocity.



Sample Problem 19.3

b A3 s !;»-‘ﬁ

am e ' .
L’__- lem
"R

r.=1.13s  7,=193s

19-25

SOLUTION:

» Using the free-body-diagram equation for the
equivalence of the external and effective moments,
write the equation of motion for the disk/gear and

W”f.ZMO:Z(MO)eff: +KO0=-160
H +T9 = O
1

K 2 1
C()n: 7 Tn:a)—zzﬂ' E

n

+ With the natural frequency and moment of inertia for
the disk known, calculate the torsional spring

constant.

2
7 =12 =1(£j(§j —0.1381b - ft - s2
2 21322 K12

1.132272'1/% K=4.271b-ft/rad




Sample Problem 19.3

« With natural frequency and spring constant

Y 4 known, calculate the moment of inertia for the
gear. 7
1.93 =27, |—— 1=04031b-fi s
o 1 A 4.27
o («, ‘:f‘\ ¢
- _;(mj ""”‘"’”‘}' * Apply the relations for simple harmonic motion to

calculate the maximum gear velocity.
7, =1.13s 7, =1093s

— . 0=0,smw,t w =0,,m,snw,t w,, =0,0,
" ( : Wl (‘ | 6, =90°=1.571rad
il _ ®,, = Qm[z—”j = (1.571rad)( =L j
\/f 27 \/7 T, 1.93s
C()n = 7 T, =—= 2 E

4

n

w,, =5.11rad/s

K=4271b-ft/rad

19 - 26



Group Problem Solving

- 0

A uniform disk of radius 250 mm is
attached at A to a 650-mm rod AB of
negligible mass which can rotate freely
in a vertical plane about B. If the rod is
displaced 2°from the position shown
and released, determine the period of
the resulting oscillation.

19 - 27

SOLUTION:

« Using the free-body and kinetic diagrams,
write the equation of motion for the
pendulum.

« Determine the natural frequency and
moment of inertia for the disk (use the
small angle approximation).

 Calculate the period.



Group Problem Solving

Draw the FBD and KD of the pendulum (m,_, ~ 0).

250 mim

\l L &’ -
mg

Determine the equation of motion. *Note that you could also do

this by using the “moment” from

My =1Ipa a,, and that a, = lo

. T 2 B
228 —mglsmH—(]erl )a —mglsin@ =1 o +Ima,



Group Problem Solving

Find I, set up equation of motion
using small angle approximation

—mglsin@ = (7 +ml? )a

I :lmrz, sinfd = 0

(%mr‘z +mlzJé+mgl¢9= 0

Determine the natural frequency
o =S
(2+)
B (9.81)(0.650)
- 2 2
%(0.250) +(0.650)

=14.053
@, =3.7487 rad/s

2-29

Calculate the period

2

T = =1.676s

n

(4

n

7, =1.676s

o
<) mm



Concept Question

In the previous problem, what o 0"
would be true if the bar was

hinged at A instead of welded

at A (choose one)? L

a) The natural frequency of the oscillation would be larger

b) The natural frequency of the oscillation would be Ia\rger

c) The natural frequencies of the two systems would be
the same

19 - 30



Principle of Conservation of Energy

» Resultant force on a mass in simple harmonic motion
IS conservative - total energy is conserved.

Fo 1) & T T +V = constant %mxz +%kx2 — constant
bt Gy .
| £ .:::‘:.:‘.'.~ =5 - ! )-CZ +a)’%x2 —
W ciaan » Consider simple harmonic motion of the square plate,
;=0 " =Wb(l—cos@):%[2sin2(0m/2)J
~ 1 2
= E%Hm
L 1.2 17..2 _
" | Iy =5mv,, +5 1oy, Vy, =0
4
: _1 2 12,2212
g Qe = v e
: | 21H2
I\s | =%(§mb )Qm

0+1wpo, =%(§mb2 20240 w,=+/3g/5b

19 - 31



Sample Problem 19.4

SOLUTION:

* Apply the principle of conservation of
energy between the positions of maximum
and minimum potential energy.

« Solve the energy equation for the natural
frequency of the oscillations.

Determine the period of small
oscillations of a cylinder which rolls
without slipping inside a curved
surface.

19 - 32



Sample Problem 19.4

0 SOLUTION:
~7 ! » Apply the principle of conservation of energy between the
- . . positions of maximum and minimum potential energy.
l | h+h =1+,
|
/= Datum T, =0 Vi=Wh=W(R—r)1-cos6)
~ (R - 1")(9,721 /2)
Tz—lm\?n21+%fa)31 V=0




Sample Problem 19.4

« Solve the energy equation for the natural frequency
of the oscillations.

T, =0 v, =w(R-r)62)2)

Vo, =0

2
O+W(R—r)97m:%m(R—r)267n%+O
0p 5 2 2
(mg)(R—r)7 :Zm(R_r) (Hma)n)




Forced Vibrations

Uy /™ Forced vibrations - Occur
e aN when a system is subjected to
2 < s .l\ | a periodic force or a periodic
s E = > displacement of a support.
< S - >
2 3 s s w ; = forced frequency
: 3 . 2 3
vl B3 - !
| 2 | <
Eipadidaton - Epalbrren . >
HY F=ma:
P, sinw ot +W — k(5 +x) = mi W—klSgy +x—06,,sinw t)=

mi + kx = B, sinw ¢t mi +kx = ko, sin rt

19 - 35



Forced Vibrations

X = Xcomplementary X particular

‘:E =[Csinw, t + Cy cosw, t |+ x,, sine

Substituting particular solution into governing equation,

\ E 3 ‘ —ma)]%xm SIN®W rt + kX, SINW rt = B, SN ¢t
i 3 % 3 R I 1. S
: 3 2 : m 2
E. 3 3 k—may 1—(a)f/a)n)2 1—(a)f/a)n)2
...... < . . Al |
- ) : i
| > %4 i |
msi + kx = B, sinw ft - |
6” | ‘ u{.
! | > } A,

mi + kx = ko, sinw t

19 - 36

] | At o = w,, forcing input is in
| T . resonance with the system.



Concept Question

A small trailer and its load have
a total mass m. The trailer can ‘ ¥
be modeled as a spring with =t
constant k. Itis pulled over a Tl - ’_/
road, the surface of which can b= -

be approximated by a sine Q

curve with an amplitude of 40 7 T
mm and a wavelength of 5 m.
Maximum vibration amplitude
occur at 35 km/hr. What

happens if the driver speeds up
to 50 km/hr?

PP

a) The vibration amplitude remains the same.
b) The vibration amplitude would increase.
c) The vibration amplitude would decrease.



Sample Problem 19.5

A motor weighing 350 Ib is supported by
four springs, each having a constant 750
Ib/in. The unbalance of the motor is
equivalent to a weight of 1 oz located 6
in. from the axis of rotation.

Determine a) speed in rpm at which
resonance will occur, and b) amplitude of
the vibration at 1200 rpm.

19 - 38

SOLUTION:

» The resonant frequency is equal to the
natural frequency of the system.

» Evaluate the magnitude of the periodic
force due to the motor unbalance.
Determine the vibration amplitude from
the frequency ratio at 1200 rpm.



Sample Problem 19.5

SOLUTION:

» The resonant frequency is equal to the natural
| frequency of the system.

£

k =4(750)=30001b/in
=36,0001b/ft

=390 108712 /8
32.2

W =350 Ib
k = 4(350

Ib/in) w, = \/E: 36,000
m V1087

= 57.5rad/s =549 rpm

Resonance speed = 549

,m

19 -39



Sample Problem 19.5

W =350 Ib

k =4(350
Ib/in)
w, =57.5rad/s

19 - 40

« Evaluate the magnitude of the periodic force due to the

motor unbalance. Determine the vibration amplitude
from the frequency ratio at 1200 rpm.

@ = =1200rpm =125.7 rad/s

mz(loz)(llb j( 1 2)20.0019411b-sz/ft

160z )\ 32.21t/s

_ _ 2
P, =ma, =mrw

2
= (0.001941)(6 J125.7 =15.33 b

P,k 15.33/3000
Xm =
1-(o) /o, 1-(125.7/57.5)
=-0.001352in

X, = 0.001352 in. (out of
phase)




Damped Free Vibrations

 All vibrations are damped to some degree by
forces due to dry friction, fluid friction, or internal
friction.

» With viscous damping due to fluid friction,
U F=ma: W—k(Sy +x)—ct=mi
W) mi+cx+kx=0

“@ ) ®)=m - Substituting x = e and dividing through by e
yields the characteristic equation,

’ c C 2 k
.- mA> +cA+k=0 A=——"+ (_j _n

2m \\2m m

» Define the critical damping coefficient such that

2
(C—C) _E:() C, =2m\/E:2ma)n
2m m m

19 - 41



Damped Free Vibrations

19 - 42

Characteristic equation,
2
mA* +cA+k=0 A :_C+\/(Cj _k

2m  \\2m m

c, =2mw, = critical damping coefficient

Heavy damping:. ¢ > c,
X = Cle’llt + C2e’12t

negative roots
- nonvibratory motion

Critical damping: ¢ = c,

x=(Cy+Cyt)e™ ! double roots

- nonvibratory motion

Light damping: ¢ <c,

x = e (e2m) (Cysinwyt +Cy cosw,t)

2
w; =, \/1—(Cj = damped frequency
CC



Concept Question

® & DM O N » O ©

1
ooo

0.5 1 1.5 2 2.5 3

The graph above represents an oscillation that is...

(a) Heavily damped (b) critically damped (c) lightly damped



Concept Question

® & DM O N » O ©

1
ooo

44

0.5 1 1.5 2 2.5 3

The period for the oscillation above is approximately...

a) 1.25 seconds b)2.5Hz c) 0.6 seconds

Estimate the phase shift for the oscillatioZero



Forced vibrations can be caused by a test machine, by rocks on a trail, by
rotating machinery, and by earthquakes. Suspension systems, shock
absorbers, and other energy-dissipating devices can help to dampen the
resulting vibrations.




Damped Forced Vibrations

' ".-_J
mX +cx + kx = P, sin®w Y X = Xcomplementary T X particular
=T = ficat
B/ \/[1—(a)f/a)n)2]2+[2(c/cc)(cof/a)n)]2 m?ag;lolfa on
tan § = 2(C/Cc)(a)f/wn):
1—(a)f/a)n)2

phase difference between forcing and steady state
response

19 - 46



Group Problem Solving

19 - 47

SOLUTION:

* Determine the system natural
frequency, damping constant, and
., the unbalanced force.

« Determine the steady state
response and the magnitude of the
motion.

A simplified model of a washing machine is shown. A bundle of wet clothes
forms a mass m, of 10 kg in the machine and causes a rotating unbalance.
The rotating mass is 20 kg (including m,) and the radius of the washer
basket e is 25 cm. Knowing the washer has an equivalent spring constant
k = 1000 N/m and damping ratio z = ¢/c, = 0.05 and during the spin cycle
the drum rotates at 250 rpm, determine the amplitude of the motion.



Group Problem Solving

Given: m= 20 kg, k= 1000 N/m, ]
o= 250 rpm, e= 25 cm, m,= 10 kg
Find: X, .

Calculate the forced circular | = L2
frequency and the natural circular
frequency

27)(250
a)f:( X )=26.18rad/s W, = E: m:7.0711rad/s
60 \/m \/ 20

Calculate the critical damping constant ¢, and the damping constant ¢

¢, = 2Jlm =2,[(1000)(20) = 282.84 N -s/m

¢= (ijc — (0.05)(141.42) =14.1421 N - s/m

C

19 - 48 C



cSIRHR.FIRRlEM 3Qlving

caused by the wet clothes

P, = mbea)fzf
P, =(10kg)(0.25 m)(26.18 rad/s)* =1713.48 N

Use Eq 19.52 to determine x,

mx +cx+kx = F, sinw,t

Pm
X, =
\/(k — ma)]zp i +(co, )?
- 1713.48
\/[1000 —(20)(26.18)*]* +[(141421)(26.18)]
1713.48 ~ 1713.48

=0.13478 m

- ’ . + . ) .
12.707.8)> +(370.24)> 12,713.2

19 - 49

a. ".l'.

x,, =134.8 mm




Concept Question

The following parameters were
found in the previous problem:

W, = 26.18 rad/s
w, =7.0711rad/s

£=0.05

What would happen to the
amplitude x,, if the forcing
frequency @y was cut in half?

a) The vibration amplitude remains the

Same.

b) The vibration amplitude would
increase.

c) The vibration amplitude would
decrease.

,. ‘ll('



Concept Question

Case 1 i
w, =26.18 rad/s Y&
@, =7.0711rad/s !
'!: =) 13
Case 2
» i 9
o =13.09 rad/s o
@, =7.0711rad/s ' | | Lenas
.’_ SUEL
X = Pm | f
" 2 Celin
\/(k—ma)]%) +(ca)f)2 ‘
0 A —
L] | | .
-,



Electrical Analogues

R

1L
1

19 -52

&,

E=E, sin ot

» Consider an electrical circuit consisting of an inductor,
resistor and capacitor with a source of alternating voltage

: d _. q
E _snhwt—L——Ri——=0
C " S dt C

. :
Lq+Rq+Eq =L, sinw st

 Oscillations of the electrical system are analogous to
damped forced vibrations of a mechanical system.

Table 19.2. Characteristics of a Mechanical System and of Its
Electrical Analogue

- —

Mechanical System Electrical Circuit
m  Mass L Inductance
¢ Coeflicient of visoous R Resistunce
damping
Kk Spring constunt 1C Reciprocal of capacitance
r  Displacement g  Charge
v Velocty I Current
F '\ppbrd force E Applied voltuge




Electrical Analogues

K

« The analogy between electrical and mechanical
systems also applies to transient as well as steady-
state oscillations.

« With a charge q = q, on the capacitor, closing the
switch is analogous to releasing the mass of the
mechanical system with no initial velocity at x = x,,.

« If the circuit includes a battery with constant voltage

E, closing the switch is analogous to suddenly
applying a force of constant magnitude P to the
mass of the mechanical system.



Electrical Analogues

« The electrical system analogy provides a means of
experimentally determining the characteristics of a given
mechanical system.

!
LY Al

;va-j l"‘ « For the mechanical system,

ks ml)'c'l +C1X’1 +CH (Xl —X'2)+ klxl +k2(x1 —Xz) =0

m’____] lv. M2j€2 +02(x2—x1)+k2(x2—x1)=Pm sina)ft
0 « For the electrical system,
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. * The governing equations are equivalent. The characteristics
j > Ly of the vibrations of the mechanical system may be inferred

from the oscillations of the electrical system.
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Degree of Freedom (DOF)

« Mathematical modeling of a physical system requires the
selection of a set of variables that describes the behavior
of the system.

* The number of degrees of freedom for a system is the
number of kinematically independent variables necessary
to completely describe the motion of every particle in the
system

DOF=1 DOF=2
Single degree of freedom (SDOF) Multi degree of freedom (MDOF)
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Equivalent model of systems

Example 1: Example 2:
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Equivalent model of systems

MDOF

Example 3:
DOF= 3 if body 1 has no rotation

SDOF DOF=2 DOF= 4 if body 1 has rotation

body 1 T e
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What are their DOFs?




SDOF systems
_BD _16Fr

* Helical springs
pring Shear stress: 7_..= 57 = :
T = Fr 2] o L)

o a5 . o &on
Fe %‘W\w Stiffness coefficient: & = AN

F: Force, D: Diameter, G: Shear modulus of the rod,
N: Number of turns, r: Radius

= Springs in combinations:

Parallel combination Series combination
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Elastic elements as springs

SYShE Suffness Coeff, SDOF Model
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Moment of Inertia

Slender md

Thin disk




What are the equivalent stiffnesses?
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Example

* A 200-kg machine is attached to the end of a cantilever beam of length L=2.5 m,
elastic modulus E= 200x10° N/m?2, and cross-sectional moment of inertia / = 1.8x107°
m4. Assuming the mass of the beam is small compared to the mass of the machine,
what is the stiffness of the beam?



Damping

* Viscous Damping
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